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An i so t rop i e  cone Cx0 

v e c t o r  ( of wh ich  s a t i s f i e s  the equa t ion  

We consider a four-dimensional, elementary (i.e., diffeomorphic to Euclidean space R 4) Lorentz mani- 
fold V 4. On V 4 it is possible to introduce coordinates x ~ x I, x 2, x 3 in which the Lorentz metric g is given by 

the differential form 

3 

ds 2 = ~,  g ~  (x ~ x 1, x 2, x 3) dx~dx ~. 
i,k=o 

at the point xo ~ V 4 is a cone lying in the tangent  space  @xo to V 4 at  the point x0, each  

or  in c o o r d i n a t e s  : 

g~o (L g) = o, 

8 

xX) (xL xL x0, = o ,  
i,~.=O 

w h e r e  x 0 = (x~, x 1, x 2, x3). 

To the cone Cxo we a s s i g n  a s u b s e t  Cxo 
s a t i s f i e s  the equa t ion  

8 

of the mani fo ld  V 4 as  fo l lows:  a point  x ~ C x o  if  and only if  it 

13 x0') (x'  - (z" - = 0. 
I,k=o 

Ifx ~ x I, x 2, x 3 are considered as affine coordinates, thenC x is a cone inV 4. Let f:\#--Y4 be an arbi- 
trary differentiable mapping. We say- that f preserves the family {C~ : x ~ V*} if the followil~g condition is satis- 
fied: 

](C~) = C~,~.  (1) 

It is not ha rd  to v e r i f y  that  in this c a s e  the d i f f e ren t i a l  df of the mapping  f p r e s e r v e s  the i s o t r o p i e  cones  Cx~ 
i , e . ,  

(d])~(C,) = Cjt~. (2) 

The c o n v e r s e  a s s e r t i o n  is ,  in g e n e r a l ,  not t rue .  H o w e v e r ,  if in the coo rd ina t e s  x ~ x 1, x 2, x 3 f is g iven  b y a n  
aff ine t r a n s f o r m a t i o n  (is a f f in izable) ,  then Eq. (2) impl i e s  Eq. (1). 

I t  is e a s y  to d e m o n s t r a t e  the val id i ty  of the fol lowing a s s e r t i o n .  

LEMMA. If G r is an  r - p a r a m e t e r  g roup  of mot ions  of  the mani fo ld  (V 4, g) wh ich  is af f in i te ly  r e p r e s e n t -  
able  in the c o o r d i n a t e s  x ~ x 1, x 2, x 3 (i.e.,  e ach  mot ion  q0 ~ G, is af f in izable) ,  then  Eqs .  (1) and (2) a r e  equiv-  
a len t  fo r  any mot ion  ~p ~ G,. 

A s t a n d a r d  p r o b l e m  of c h r o n o g e o m e t r y  c o n s i s t s  in d e t e r m i n i n g  mappings  f : V 4 ~ V 4- s a t i s fy ing  a condi t ion  
of the f o r m  (1). Di f fe ren t i ab i l i ty  of f is not r e q u i r e d ,  and the cond i t ion  of cont inui ty  is of ten g iven up as wel l .  
Knowledge cd the g r o u p  of mot ions  of a L o r e n t z  mani fo ld  makes  it  poss ib le  to e s t a b l i s h  its g e o m e t r y .  The c o n -  
v e r s e  p r o b l e m  is a l s o  i n t e r e s t i ng :  find a g roup  of  mot ions  wi thout  a s s u m i n g  the d i f fe ren t i ab i l i ty  of  its t r a n s -  
f o r m a t i o n s  (the usua l  a p p r o a c h  leading to the concep t  of  the Kil l ing vec tor )  and dea l ing  only wi th  i s o t r o p i c  cones  
o r ,  m o r e  p r e c i s e l y ,  wi th  the " c o n e s "  Cx; i . e . ,  the fo l lowing ques t i on  is posed:  is it poss ib le  to c o n s t r u c t  the 
g roup  of mot ions  Gr of a mani fo ld  V 4 a s s u m i n g  that  each  t r a n s f o r m a t i o n  ~ ~ G, s a t i s f i e s  condi t ion  (1) ? 
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The l emma  shows that this approach is justified at least  for groups of notions admitting affine r ep resen -  
tation. For  example,  solvable groups of motions G 3 acting t ransi t ively on V 3 (see [1]) are  such groups. 

Definition. Suppose that a grpup of motions G r is affinizable in the coordinates {xi}. In this case a map-  
ping preserv ing  isotropic cones is understood to be a bijection f :  X A -  V 4 sat isfying condition (1). 

THEOREM A (Aleksandrov and Ovchinnikova [2]). Any mapping preserv ing  isotropic cones in a Minkow- 
ski world 

ds 2 = dx 02 _ dx 12 _ dx ~2 _ dx ~2 

is a superposi t ion of an inhomogeneous Lorentz  t ransformat ion  (i.e., a motion) and a s imi lar i ty  t r ans fo rma-  
tion. 

We formulate the main results of the paper. 

THEOREM 1. Any homeomorphic mapping of the GSdel universe [3, 4] 

ds: = a ~(dx  ~  dx 1 ~ -  e ax  - -  dx a~ 

where a = eonst  ~ 0, which p rese rves  isotropie cones is a motion. 

The group of motions of the GSdel manifold has type G4VI 1 in the c lass i f icat ion of Pe t rov  [1] and can be 
represen ted  by affine t ransformat ions  of the fo rm 

Ea=x0Wa;  E l = x l + ~ ;  . ~ 2 = x 2 e - ~ + ? ;  ~ 3 = x a - 4 - ~ ,  (3) 

where  ~, fi, 7, 5 are  pa ramete r s .  This group acts s imply and transi t ively on V 4. 

THEOREM 2. Any homeomorphic  mapping of the de Sitter universe [3] 

ds~ = dxO~ _ e~=~ (dx l '  + dx22 + dxS~), 

where k = const ,  which p rese rves  isotropic  cones is a motion [5]. 

The group of motions of the de Sit ter universe  G 7 in the coordinates  {x i} cannot be represented  as a sub- 

group of the group of affine t ransformat ions .  

In the coordinates  

y0= exp(_kx0), y~= k x  ~, (c~= i, 2, 3) (4) 

the met r ic  of the de Sit ter universe has the following form: 

and the group G 7 consis ts  of t ransformat ions  of the fo rm 

~ 1 7 6  (il 
/(y) = ~ : + , ~ > 0 ,  

where U is an orthogonal matr ix ,  i .e . ,  G7 becomes affine in the coordinates {yi}. 

The group G 7 contains a s imply  transi t ive subgroup G4VI1 which becomes affine in the coordinates (4). 
There fore ,  the cones Cx in the GSdel and de Sitter universes  are  obtained by " t ranspor t"  of the cone Cx0, 
where x 0 is a fixed point, by means of the noncommutative group G4VI 1 in cont ras t  to the Minkowski world, 
where  " t ranspor t"  is rea l ized by a commutat ive group of t ranslat ions.  

The geomet ry  of the Minkowski world is flat, the de Sitter universe has constant  curvature ,  and the 

GSdel universe is essent ia l ly  curved.  

F r o m  the point of view of the theory of relat ivi ty Theorems A, 1, and 2 bespeak the fact that the Min- 
kowski, GSdel, and de Sitter geometr ies  can be determined by knowledge only of the law for the propagation of 

light. 
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Let 

K + = { u ~  V ' : u ~  

Kg = { u ~  V t : u  ~  

3 

E ~,,~ (x) (,~'- - x~) ( .~ - x9 > o} u (x} ,  
i , h = 0  

E ~,,, (x) (~  - x ~) ( ~ .  x ~) > o u !~}. 
i , h = 0  

Then the following result holds. 

THEOREM 3. The sets of the form K+flK-~, where x~K~ and x, y are arbitrary points, form a basis 

for the topology of the GSdel and de Sitter universes. 

The proof of Theorem 3 is essentially no different than the proof of the analogous result for a Minkows~ 
world [6]. In the case of the de Sitter universe it is necessary to go over to the coordinates (4). 

The family of sets {K~ : x ~ V a} in the case of the de Sitter universe defines an ordering in the sense of 
the paper [7]. In [7] it is shown that any mapping preserving this ordering is a motion. There is no analogous 

ordering in the GSdel universe. 

I. Proof of Theorem i. The cone Cz is given by the equation 

o r  

3 

E ~,~ (~) (~' - ~') (=~ - :~) = o 
~,h=o 

I e2Zl z~)2 za)2 (x~ -- z~ --  (xl --  zl)~ --  T (x2 --  -- (x3 --  -~ 2ezl (x~ --  z~ (x2 --  z2) --O, (6) 

w h e r e  (z ~ z 1, z 2, z 3) a r e  the coo rd ina t e s  of the point  z. 

We further identify V 4 with R 4. We denote by H 2 (a) the hyperplane in R 4 defined by the equation x 2 = a = 
const. In each hyperplane He(z 2) we have the family of cones 

s (z0, z I, ~,) = i(x o, x I, z], x .) ~ R,: (x 0 - ,0)2_ (x I - ~9~_(~,_~0y= 01, 

where ~H~(4). In the cone SIzS, z~, ~I, ~0~H~(4), we can choose four lines in general position (i.e., no 
three lines lie in the same two-dimensional plane) IA ~ (A = i, 2, 3, 4). Let z~H~(z~) and let t be a trans- 

lation such that t(z 0) = z. We set ~z = t(IzA 0) (A = I, 2, 3, 4). In He(z 2) we have four families of parallel lines 
{ ZzA } (A = i, 2, 3, 4). By Eq. (i) and 

we s e e  t h a t  f(lA) is  a l ine in R 4. F u r t h e r ,  it  is e a s y  to ve r i f y  that  the pa ra l l e l  l ines  lzA and ~ (z ~ u) a r e  
mapped  onto pa ra l l e l  l ines ,  and the two-d imens iona l  plane spanned by each  pa i r  of l ines  { IzA , lzB}, A a B, is 
mapped  onto a two-d imens iona l  plane.  This impl i e s  that  the l ines f(/z A) (A = 1, 2,  3, 4) a r e  in  gene ra l  pos i t ion  
and f(I-I2(z2))is a hype rp lane  {see [2]). 

4 4 

Let  Dz = U l~, V~(z) = U / ( l ~ ) .  T h e n  f(D z) = Df(z) , '  and hence f is  aff ine on H2(z~) by T h e o r e m  1 of [8]. 
A = I  A = I  

We now c o n s i d e r  the two-d imens iona l  plane 

P(ab)  = {x ~ I~ 4 : x l = a, x 3 = b}, 

w h e r e  a, b a r e  a r b i t r a r y  cons tan t s .  On the plane P(z~z~) we have the la i rdly of  1 -cones  

F ( z ~ , z ~ ) = ( ( x O ,  z ~ , x ~ , z : ) ~ R ' : ( x e - - z ~  2 - ~ ' - * ~ ' ( x ~ - z ' )  ~ ~  + 2 e ~ ' ( x  ~  ~  ~ - z  z ) = 0 } ,  z~P(zozo ) . ' "  

This is a pa i r  of l ines  i n t e r s e c t i n g  at  the point  (z ~ z~, z 2, z 3) and lying in P(z~z~). We denote  these  l ines 
' ~ P(zlz~) we . by l~, l~, w h e r e  z = (z ~ z~, z', ZSo) ~ P (ZoZo). tn  the plane obta in  two fami l i e s  of pa r a l l e l  l ines .  Since 

zf = z. ~ = r (zo, ~) n F 6 ~ .~) = C~ n c~, ~ ~ z~ (B =5,6) ,  it  f o l l o w s  that f(Z~) (B = 5, 6> is  a l ine .  H e n c e ,  f lP(~b~) ]  
is a two-dimensional plane. The plane P(z~z 3) intersects the hyperplane H z (a) along the line 17 Since 

0 i 3 " (z0~z 0,a, z 0) 
fo r  any a the image  f(H2(a)) is obviously  a hype rp l ane ,  and f(H2(a)) is pa ra l l e l  to f(H:(a')) (a ~ a ' ) ,  on ~he plane 
P(z~z~) we obtain a th i rd  f ami ly  of pa ra l l e l  l ines {Z~:z ~ P(zo~zo~)}. Thus ,  f maps  P(z~z3o) onto a plane and the 
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t h r e e  f ami l i e s  of pa r a l l e l  l ines {l A : z ~  P(z~z~)} (A : 5, 6, 7) onto an analogous  fan~ly. This means  that  s is 
a f f ine  on P(zl0z~ 0) [8]. 

Le t  z o ~ R  ~, and letLAz0 ( A = 1 , 2 , 3 , 4 )  be d i s t inc t  l ines such  that  L~ o ~ H  2 (z~) (B = i, 2, 3), L~o,L~ ~ 

P(z~z~). T h e r e  ex i s t s  an  aff ine t r a n s f o r m a t i o n  g of R a onto R ~ p o s s e s s i n g  the fol lowing p r o p e r t i e s :  

Then  the mapping go f maps  H 2 (z~) a f f ine ly  onto U 2 (z~) and P(z~z~) a f f ine ly  onto P(z~z~0 ), and h A 
that  in these  c o o r -  (A = 1, 2, 3, 4). By choos ing  the l ines  LzA 0 (A = 1, 2, 3, 4) as  new coo rd ina t e  axe s ,  we see  (g~ f)(Lz~ = L~~ 

d ina tes  go f is g iven  by an  aff ine t r a n s f o r m a t i o n .  Hence ,  f a f f ine ly  maps  R 4 onto R 4, i . e . ,  

S ince  t he r e  is the equa l i ty  

8 

"~ (x) = "~ a~x ~ "4- a 4 (i = 0, 1, 2, 3). (7) 
k = 0  

](Cz) = C,c,), 

we m us t  a l s o  have in  addi t ion  to (6) 

i ~fi(z) 
[ /o  (x )  - I ~ (z)l ~ - I F  (x) - f~ (z)t2 _ ~ ~ [12 (x)_F(z)12_l/~(x)_y2 ( z ) l %  

-4- 2e p(~ [1o (x) - -  1o (z)] [12 (x) - -  12 (z)] = 0. 

F r o m  (7) and (8) we obta in  

( a~176  (a:)-----~2 e x P 2  2k~=oalzk "{- 2aI --  (a~ -[- 2a~ a l za- t -a l  ( x ~ 1 7 6  

[ " (  ) )1 _ +(a )'--2a aloxp 
h=O = 

exp 2 ~--o a~za 2al (a : ) '  - 2a~ \a=o alzk -[- a ! / j  ( x 2 -  z 2 ) ' - -  )] 

a ~ ~ Jr a l g  3r a=o 2a z)  (a~) 2 - -  2a~ exp s zs) s 

.}_ oo  : . I  a s s  2aoa 2 - -  2aoa 2 - -  a2oa~ exp 2 ~z ~ -4-2 al - -  2aoa2 "-1- 

0 5  O~ $ ] -~ 2(aoa 2 -{- asao) exp ( ~ a~r~ ~ + a! I (x ~ - - z  ~ (x ~ - -  z 2) -~ 
.\k-~O �9 . / J  " 

"4- 2a ~176 - -  2alal - -  a~oa~ oxp 2 alz ~ --t- 2a ~ - -  2aSoal -} - 

o 9  a~ exp alz ~ ~- a 1 (x ~ --  z ~ (x 1 - -  ,~) + + 2 (a'~a~ + 

[ ( '  ) 2a~a~ - -  2a.aaX X - -  a~oa] exp 2 k~=o alz" -t- 2al - -  2aSoal -t - "4- = 

-t-2(a~176 , oY a==o 

[ !) 0 0 1 1 2axa2 - 2aza~ - -  a~a~ eXp 2 ~ a~z t' + 2a - -  2ala s + 

9. (aOa~.-~ a~  (-_~ alztt-~ - a 1) ] ( x  1 -  z l ) (x  s -  z ' ) +  + 

[ ($  ) 2alas - -  ala~ exp 2 -t- 2 a~ - -  2 ~ s -[- "4- 2a~as - -  

\ ~ o  ,/ J 

(s) 
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�9 .~ 2a2a 3 - -  2a~a~ -- a~a~ exp 2 - -  2a~a3 -{- 
h=O 

"-{-2 (a~ -~ a~ (k~_8o a~z ~ § a l ) ]  (x ~ -  z :) (x a --, Y,$) ----- O 

Compar ing  (9) and (6), we obtain* 

~ = a l  = O, a ~  ----- a ~  = a s  ~ = a ~  ----- O, a 0 ~ a 2 

aaa 3 a s aSaS s s 

( ~ ) ,  _ (a~)~ = ~, (a~,)~ + ( ~ ) ~  = 1, (a~)~ = ~. 

F r o m  (10) and (11) we obtain 

Hence 

.~  = ~ = a~ = O. 

(9) 

(10) 

(11) 

(a~), = ( 4 ) ' =  ( a ] y =  t,  

(a~)~ e x p  2 a  1 = i ,  

a~ exp a I = 1. 

I t  is not hard  to see  that  a~ = 1. Leaving as ide  the mappings x A ~ - x  A (A = 0, 2, 3), we obtain 

~ = =11 = a~ = 1, ~ = ~-~ 

i.e., we have obtained a transformation of the form (3). This means that f is a motion. The proof of Theoreml 

is complete. 

2. Proof of Theorem 2. In the coordinates (4) the metric of the de Sitter universe can be written in the 

form (5). Hence, V 4 is identified with the half space {y ~/~4 : go > 0}, and the cones C z are given by the equation 

( g O  _ z 0 ) 2  _ ( y l  _ z ~ ) 2  _ ( y 2  _ z ~ ) 2  _ ( y 3  _ z 3 ) 2  = 0 .  

In [9, T h e o r e m  2] it  is shown that  in this case  a mapping p r e s e r v i n g  i so t rop ic  cones can  be wr i t t en  in 
the f o r m  0) 

i (y) = ~ I u_J  
y§ 

where U is an orthogonal matrix, and h > 0, a, fl, 7 are parameters. 

All these transformations form a 7-parameter group G 7 which is easily seen to be the group of motions 

of the de Sitter universe. The proof of Theorem 2 is complete. 
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